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Spacecraft formations require the ability for the spacecraft to control their relative position and velocity. This can be accomplished using thrusters [8] , though it may require high operational costs or imposing undesired design constraints. Hence, lower-cost alternatives for maneuvering the spacecraft are of great interest. In their seminal work, Leonard et al. [9] proposed using the drag force that affects the motion of spacecraft at low Earth orbits (LEOs) for controlling their relative motion. Using the differential in the drag accelerations between the spacecraft can allow for propellantless planar relative maneuvering, which can reduce costs for formation-flying missions. Additionally, since no propellant is expelled, sensitive sensors onboard can operate in a cleaner environment. However, using differential drag requires the constraint of operating in LEOs where there is enough atmospheric density for generating differential drag accelerations of sufficient magnitude. Moreover, using differential drag for maneuvering increases the orbital decay of the spacecraft, which can shorten the mission duration.
In this work, it is assumed that the spacecraft have the ability to change their ballistic coefficient. This can be achieved by deploying or retracting a set of drag surfaces, which in principle can be solar panels, as shown in Fig. 1 , hence effectively changing the magnitude of the drag force acting on the spacecraft. The local vertical/local horizontal (LVLH) reference frame is used for representing spacecraft relative motion. In this frame, x points from the origin of an inertial frame, located at the center of the Earth, to the target spacecraft; z points in the direction of the orbit angular momentum; and y completes the right-handed frame (see Fig. 1 ).
Atmospheric differential drag can provide effective control only in the orbital plane (x and y). Hence, the discussion presented in this work will be limited to in-plane motion, assuming the absence of out-of-plane z motion, or that it is controlled by different means. Another assumption is that the attitude of the spacecraft is stabilized by other means than the differential drag. It is worth mentioning that drag can be exploited to control both relative position and orientation of satellites, as demonstrated in [10] . Additionally, we assume that the control is either positive maximum (Fig. 1, case 1 ), negative maximum (Fig. 1, case 2 ), or zero (Fig. 1, case 3) , as previously done in [11] [12] [13] , neglecting the time required by the surfaces to be deployed or retracted. This simplification is valid, since the time required to deploy or retract the surfaces (on the order of seconds, or minutes at the most) is negligible with respect to the maneuvers durations (on the order of days).
Maneuvering spacecraft using differential drag is challenging, since the drag force itself is difficult to estimate. For that reason, creating realistic reference trajectories in terms of the control force (drag force) is challenging. This makes maneuvers that require following a specific path very difficult to perform. Furthermore, although variable density models are used for simulations, it is usually assumed that the atmospheric density is constant for control and guidance purposes (see [9, [14] [15] [16] [17] ). This is not desirable from the point of view of creating reference trajectories, as this assumption does not account for a realistic behavior of the control force. In [18] , Artificial Neural Network (ANN) predictors capable of forecasting the density along the future orbit of a spacecraft were introduced. In the present work, these predictors are used for designing rendezvous reference trajectories created specifically for differential drag-based maneuvering, provided that density estimates or measurements of the present value for the density are available. The advancement on the state of the art in this work is the integration of the neural network predictors with a control method (developed in [19] [20] [21] [22] [23] [24] ) for generating reference trajectories specially designed for relative maneuvering using differential drag. The resulting reference trajectory provides unprecedented accuracy in terms of the drag force, allowing for better reference tracking.
This Note is organized as follows. Section II presents the basic principles for spacecraft relative maneuvering using differential drag, including the nonlinear and linear relative dynamics equations, and an optimized adaptive Lyapunov controller especially designed for drag relative maneuvering. Section III presents a reference trajectory for a rendezvous maneuver using predicted density, and Systems Tool Kit (STK) simulation of the optimized adaptive Lyapunov controller used for tracking the reference trajectory. Section IV presents the conclusions. x n f x x n μ 1
B. Linear Relative Dynamics
The relative nonlinear dynamics have no closed-form solution and do not allow for the use of the numerous techniques developed for linear systems. Therefore, the use of linear dynamics is desired for developing reference trajectories. This section shows the Schweighart and Sedwick [25] linear model used for generating the reference trajectory shown in Sec. III. This model assumes that the target's orbit is circular, that the only perturbation acceleration is caused by the J 2 perturbation, and that the separation between spacecraft is small compared to the radii of their orbits. The Schweighart and Sedwick model can be formulated as the following system: 
C. Drag Acceleration and Atmospheric Density A proper understanding of the drag acceleration will allow for precise orbit determination and can be used for creating realistic maneuvers and reference trajectories using drag. The drag acceleration affecting spacecraft at LEO is a function of the atmospheric winds; the spacecraft's velocity relative to the medium; the spacecraft's geometry, attitude, drag coefficient, and mass; and, most important, the atmospheric density. Due to the mutual dependencies of these parameters and the lack of knowledge in their dynamics, modeling the drag force proves to be a difficult problem. This results in large uncertainties regarding the control forces available for maneuvers using drag forces.
The magnitude of the relative acceleration caused by the differential aerodynamic drag for target and chaser is usually expressed as
where C D , S, and m are the drag coefficient, the crosswind surface area of the spacecraft, and the mass of the spacecraft, respectively. The subindices C and T refer to the chaser and target spacecraft. As was shown in [18] , out of all the elements in Eq. (3), the density is the one that varies the most. Furthermore, at an altitude of 400 km, density can vary by more than one order of magnitude at a given time [26] . Therefore, the largest errors in the drag acceleration estimation come from density estimation errors. Furthermore, according to [27] , the density represents the largest contribution of errors in any orbit determination application. For these reasons, accurate modeling and forecasting of the density is required for generating realistic reference trajectories for maneuvering spacecraft using drag. In contrast, the drag coefficient according to [27] is bounded between two and four; according to [28] , it can be modeled accurately using direct Monte Carlo simulations (differences of ∼0.1% when compared with closed-form solutions). The velocity of the spacecraft relative to the medium is traditionally defined as the velocity of the spacecraft minus the velocity of the atmosphere. In this case, the greatest source of uncertainty comes from the atmospheric winds; however, their magnitude (on the order of hundreds of meters per second according to [27] ) is smaller than the magnitude of the spacecraft speed (on the order of kilometers per second). Consequently, in this work, the focus is on improving the reference trajectory for drag maneuvering using the neural network forecasted density; nevertheless, future work should address the effects of the errors in atmospheric wind and drag coefficient modeling, as well as how to mitigate them.
Empirical atmospheric models such as NRLMSISE-00 (see [29] ) can provide density estimation at the present, provided that the solar and geomagnetic indices are known. Current values for these indices are available online and are updated at their respective latencies (see [30] for one of the databases where these values can be obtained). However, these models also require averaged values of these indices over periods covering both the past and future of the instance at which the density is estimated. To obtain these averaged indices, a forecast of the indices can be used such as the ones provided by the National Oceanic and Atmospheric Administration (see [31] ). It should be mentioned that the accuracy of the empirical models will be impacted by the forecasting error. Furthermore, there are models such as the High-Accuracy Satellite Drag Model (HASDM; see [32] ) that provide highly accurate density estimations in almost real time. Unfortunately, access to the HASDM is restricted. Finally, the density can also be measured onboard using sensors such as those included in the Winds-Ions-Neutral Composition Suite (see [33] ).
D. Lyapunov Controller
In previous work [19] , Lyapunov principles were used to design a control law for the drag surfaces that generated the differential drag. The value of the control signal was selected so that the Lyapunov function was positive and its time derivative [both shown in Eq. (4)] was negative, which ensured that the tracking error converged to zero. The Lyapunov controller was used to force the nonlinear model [Eq. (2)] to track the reference trajectory x t : V e T Pe; e x n −x t ; _ V 2e T Pfx n − _ x t Ba Drelû (4) whereû is the command sent to the surface actuators, the matrix Q is chosen such that a Lyapunov equation is satisfied (A T d P PA d −Q), and the matrices A d and B represent stable linear reference dynamics, which were created by using a linear quadratic regulator to stabilize the Schweighart and Sedwick dynamics [25] . The resulting control law presented in [19] can be expressed aŝ
The meaning of the resulting value forû is explained in Fig. 1 . A critical value a Dcrit of differential drag that is needed to maintain stable Lyapunov control was developed in [20, 21] . This critical value, for the case in which the nonlinear dynamics are tracking a reference trajectory, is given as
The analytical expression for the partial derivative of the critical value with respect to the matrix A d was developed in [22, 23] . The matrix A d is set by design, so it can be manipulated to reduce the value of the critical value during the maneuver, provided that it remains Hurwitz. The element of matrix A d , to which a Dcrit is the most sensitive (A bc ; the entry with the largest partial derivative) is identified by calculating the partial derivative. Next, MATLAB's fmincon function is used to minimize a Dcrit in terms of A bc . The optimization problem, solved by fmincon, can be formulated as
where lb and ub are the lower and upper bounds for A bc . These bounds were selected to be −10 −6 and 10 −6 , which are on the same order of magnitude as the other entries of A d . The solution of the optimization problem provides the sign and magnitude δ Aop with which A bc is modified. The adaptive variations in A d can be written as
The adaptation, which consists of calculating the partial derivative, determining A bc , performing the optimization, and applying Eq. (8) to obtain the new A d , occurs every 10 min. The adapted A d is used along with Q (which is not adapted) to obtain P and the control signal u, at each adaptation time (every 10 min). Between adaptations, A d remains constant. Furthermore, for a bang-off-bang control (i.e., the controls changes instantly and the adaptation is instantaneous), the Δt is essentially zero. By reducing this critical value, the overall robustness of the controller is improved, since the control margin (the difference between the actual value of the differential drag acceleration and the critical value) is increased.
III. Reference Trajectory for a Rendezvous Maneuver
To create the reference trajectory using predicted density, the methodology presented in [18] is exploited. In particular, an STK scenario, in which NRLMSISE-00 is used for modeling the density, was propagated using STK's high-precision orbit propagator (HPOP) for a period of four days before and two days after the maneuver's initial time. The scenario contained the target spacecraft with half of its drag area deployed. The density data along the target's orbit were sampled and imported to MATLAB. The density data from the first two days were used for training and validating a neural network predictor with a prediction window of 30 orbits (about two days). The neural network used had one neuron in the hidden layer and 690 delays (1∕4 of the prediction window of 30 orbits). The resulting neural network had a performance of MSE 1.0497e-04 and R p 0.9997. These metrics are much better than those observed with the neural network predicting 32 orbits for the CHAMP data presented in [18] . This is explained by the fact that the density estimated by the NRLMSISE-00 has a simpler behavior than the density estimated from the CHAMP's accelerometers used in [18] .
The linear model shown in Eq. (2) was regulated using the Lyapunov controller shown in Eq. (5), without adaptation, to create the reference trajectory to achieve a rendezvous. Additionally, a second reference trajectory was generated with a constant value for the density (the density averaged over the training and validating datasets), again by regulating the linear model using the Lyapunov controller. This constant density case serves as a benchmark for the first case, which uses forecasted density. The two reference trajectories in the LVLH frame are shown in Fig. 2 .
The orbital elements of the target at the beginning of the maneuver, and other parameters are shown in Table 1 . The target and chaser spacecraft are identical. The initial condition for the state vector is shown in Table 2 . The orbits of both spacecraft are coplanar; therefore, the position and velocity of the chaser relative to the target on the z direction are zero.
The reference trajectory that used the predicted density had 54 control changes and lasted for 27.3 h, whereas the reference trajectory that used the constant density had 83 control changes and lasted for 20.6 h.
A. Numerical Simulations Results
To observe the advantages of using the reference trajectory with the predicted density, the optimized adaptive controller [Eqs. (5), (7), and (8)] was used for forcing the nonlinear dynamics of the chaser and target spacecraft to track the reference trajectories. The nonlinear dynamics were propagated using HPOP. The simulations were stopped when the target and chaser were within 10 m of each other. Figure 3 shows the trajectories when tracking the reference trajectory obtained with the constant density (left plot) and the reference trajectory obtained with the predicted density from the ANN (right plot), respectively. Figure 4 displays the tracking errors. Finally, Fig. 5 shows the control signals when tracking the reference trajectory obtained with the constant density (top plot) and the reference trajectory obtained with the predicted density from the ANN (bottom plot), respectively.
Article in Advance / TECHNICAL NOTES The most prominent features seen in Fig. 4 are the large spikes in the tracking errors for the case in which the system is tracking the reference trajectory generated with the constant density. This indicates how difficult it is for the controller to force the nonlinear dynamics to follow the reference trajectory generated with the constant density. The reason for this is that the reference trajectory with the constant density does not represent the complex behavior of the density; consequently, it is not a suitable trajectory to track with differential drag. In contrast, tracking the reference trajectory generated with the predicted density yields much smaller tracking errors (about one order of magnitude smaller in the y direction and less than half in the x direction). This clearly shows how much easier it is for the system to track the reference trajectory generated with the predicted density over the scenario with the constant density. Realistic reference trajectories will provide a good idea of how the nonlinear system will behave. This allows for performing maneuvers using differential drag in which a path can be followed closely. This is critical for complex maneuvers with more than two spacecraft in which the possibility of spacecraft collisions is a significant issue. Table 3 shows the metrics used to evaluate the performances obtained with the two different reference trajectories: the number of changes in the control (control effort), the time it took for the spacecraft to be within 10 m of their desired final state, the mean values for the critical and actual value of the differential drag acceleration, and the control margin that is the difference between these two values. Table 3 shows that the maneuver that used the reference trajectory created with predicted density reached the desired final point much faster, and with less control effort than the one that used the reference trajectory generated with the constant density. Fig. 2 Reference trajectories in the x-y plane for a rendezvous maneuver generated with the predicted and constant density. The availability of the drag predictors opens up many possibilities for creating realistic optimal reference trajectories especially designed for relative maneuvering using differential drag, provided that these maneuvers are short enough that the predictor can accurately forecast the density. The development of these optimal trajectories would be an interesting extension for the research presented here.
B. Performance Assessment and Discussion
It is important to note that the method used for obtaining the predicted density is not realistic from an implementation point of view. This is because the values for the density used as inputs to the neural network predictor and the density used to propagate the maneuver itself were obtained from the same atmospheric model (NRLMSISE-00). This means that the guidance software has perfect measurements of the density along the orbit of the spacecraft, before the maneuver. In a real-world application, the density would be obtained from either an atmospheric density model or from sensors onboard the spacecraft, both of which result in a bias in the estimated/ measured density. This would increase the error in the predicted density. The effects of these estimation/measurement errors must be studied. Furthermore, the effect of modeling errors in the drag coefficient and the atmospheric wind on the reference trajectory should be studied.
IV. Conclusions
The last decades have seen a growing interest in small spacecraft formations and the potential of using natural means to control them without use of propellant. The differential drag idea falls under this category, and it presents challenging problems, especially the need for good models for the atmospheric neutral density. This work presented the utilization of artificial neural networks to predict the future behavior of the density, enabling design of realistic differential drag-based reference trajectories for relative maneuvers. The neural network density predictors are integrated with a controller to create a reference trajectory. The results of the simulations show that a controller is capable of more closely tracking the reference trajectory generated using the predicted density, compared to the commonly used constant density assumption. This indicates that the density predictors can be used for generating realistic reference trajectories for relative differential drag-based maneuvering of spacecraft. Article in Advance / TECHNICAL NOTES
